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Ñòàòüÿ ïîñâÿùåíà ðàçðàáîòêå àëãîðèòìà ïîñòðîåíèÿ êîíòåêñòíî-ñâîáîäíîé ãðàììàòèêè ïî ìóëü-
òèãðàôó àâòîìàòà ñ ìàãàçèííîé ïàìÿòüþ (ÌÏ-àâòîìàòà). Àëãîðèòì îñíîâàí íà ïåðå÷èñëåíèè
îïðåäåëåííûõ ïóòåé â ìóëüòèãðàôå. Äàåòñÿ îïèñàíèå àëãîðèòìà â ïñåâäîêîäå è âû÷èñëÿåòñÿ
âåðõíÿÿ îöåíêà ñëîæíîñòè, ñîñòàâëÿþùåé âåëè÷èíó ïîðÿäêà êóáà ÷èñëà äóã ìóëüòèãðàôà

Êëþ÷åâûå ñëîâà: àâòîìàò ñ ìàãàçèííîé ïàìÿòüþ; ÌÏ-àâòîìàò; îðèåíòèðîâàííûé ìóëüòèãðàô;
êîíòåêñòíî-ñâîáîäíàÿ ãðàììàòèêà; ÊÑ-ãðàììàòèêà; ñáàëàíñèðîâàííûé ïóòü; ïîèñê â ãëóáèíó

Ââåäåíèå

Â ïîñëåäíèå ãîäû êîíòåêñòíî-ñâîáîäíûå ãðàììàòèêè [1, 2] èñïîëüçóþòñÿ íå òîëüêî äëÿ
ðåøåíèÿ òðàäèöèîííûõ çàäà÷, ñâÿçàííûõ ñ ïîñòðîåíèåì è àíàëèçîì ðàçëè÷íûõ ôîðìàëüíûõ
ÿçûêîâûõ êîíñòðóêöèé, íî è äëÿ ðàçðàáîòêè ñðåäñòâ ïîèñêà èíôîðìàöèè â ñåòè Internet [3],
à òàêæå äëÿ êîíñòðóèðîâàíèÿ àëãîðèòìîâ óïðàâëåíèÿ ðîáîòåõíè÷åñêèìè ñèñòåìàìè [4, 5].
Íàïðèìåð, ïðè ñèíòåçå äâóõóðîâíåâîé ñèñòåìû óïðàâëåíèÿ ðîáîòîòåõíè÷åñêîé ñèñòåìîé
ÊÑ-ãðàììàòèêà îêàçàëàñü óäîáíûì èíñòðóìåíòîì äëÿ ðåøåíèÿ çàäà÷è ëîãè÷åñêîãî óïðàâëå-
íèÿ íà âåðõíåì óðîâíå.
Â [5] ïðåäëîæåí ïîäõîä ê ðåøåíèþ çàäà÷ óïðàâëåíèÿ íåëèíåéíûìè ñèñòåìàìè ñ èñ-

ïîëüçîâàíèåì êîíå÷íûõ àâòîìàòîâ. Îòìåòèì, ÷òî ìåòîä íàõîæäåíèÿ ÿçûêà, äîïóñêàåìîãî
êîíå÷íûì àâòîìàòîì, à òàêæå ìåòîä ïîñòðîåíèÿ ñîîòâåòñòâóþùåé ðåãóëÿðíîé ãðàììàòèêè
õîðîøî èçâåñòíû [1, 2].
Èñïîëüçîâàíèå äëÿ ñèíòåçà àëãîðèòìîâ óïðàâëåíèÿ àâòîìàòîâ ñ ìàãàçèííîé ïàìÿòüþ

(ÌÏ-àâòîìàòîâ) ïîçâîëÿåò ñóùåñòâåííî ðàñøèðèòü êðóã ðåøàåìûõ çàäà÷. Â ñëó÷àå, êîãäà
îáúåêòîì àíàëèçà ÿâëÿåòñÿ ÌÏ-àâòîìàò, ìåòîä ïîñòðîåíèÿ ïî íåìó ÊÑ-ãðàììàòèêè òàêæå
èçâåñòåí [1, 2], îäíàêî ïîëó÷àþùàÿñÿ ãðàììàòèêà ÿâëÿåòñÿ âåñüìà ãðîìîçäêîé ñ áîëüøèì
÷èñëîì áåñïîëåçíûõ íåòåðìèíàëîâ.
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Ïðîáëåìà îïòèìèçàöèè ÊÑ-ãðàììàòèêè, ïîñòðîåííîé ïî ñèñòåìå êîìàíä ÌÏ-àâòîìàòà,
èìååò ñàìîñòîÿòåëüíîå òåîðåòè÷åñêîå çíà÷åíèå. Â äàííîé ðàáîòå, ÿâëÿþùåéñÿ ïðîäîë-
æåíèåì ðàáîòû [6], ïðåäëàãàåòñÿ àëãîðèòì îïòèìèçàöèè ÊÑ-ãðàììàòèêè, ïîñòðîåííîé ïî
ñèñòåìå êîìàíä ÌÏ-àâòîìàòà. Êàê ïîêàçàíî â [6], îäíèì èç óäîáíûõ ñïîñîáîâ ïðåäñòà-
âëåíèÿ ÌÏ-àâòîìàòà ÿâëÿåòñÿ ðàçìå÷åííûé ìóëüòèãðàô. Â îñíîâå ïðåäëàãàåìîãî àëãîðèòìà
îïòèìèçàöèè ëåæèò àëãîðèòì ïîèñêà ïóòåé, îáëàäàþùèõ ñïåöèàëüíûìè ñâîéñòâàìè, â ìóëü-
òèãðàôå ÌÏ-àâòîìàòà.
Ìàòåðèàë ñòàòüè îðãàíèçîâàí ñëåäóþùèì îáðàçîì. Â ðàçä. 1 îïèñàí ïîäõîä ê ðåøåíèþ

çàäà÷è îïòèìèçàöèèÊÑ-ãðàììàòèêè, â ðàçä. 2 îáîñíîâàí àëãîðèòì íàõîæäåíèÿ ïóòåé â ãðàôå
ÌÏ-àâòîìàòà, îáëàäàþùèõ ñïåöèàëüíûìè ñâîéñòâàìè (ñáàëàíñèðîâàííûõ ïóòåé). Â ðàçä. 3
ïîëó÷åíà îöåíêà ñëîæíîñòè ïðåäëîæåííîãî àëãîðèòìà.

1. Ïîñòàíîâêà çàäà÷è îïòèìèçàöèè ÊÑ-ãðàìàòèêè

Ñëåäóÿ [1], ðàññìîòðèì íåêîòîðûé ÌÏ-àâòîìàò

M = (Q, V, Γ, q0, F, Z0, δ),

ãäå Q | ìíîæåñòâî ñîñòîÿíèé ÌÏ-àâòîìàòà; V | òåðìèíàëüíûé àëôàâèò; Γ | íåòåðìè-
íàëüíûé àëôàâèò; q0 ∈ Q | íà÷àëüíîå ñîñòîÿíèå; F ⊆ Q | ìíîæåñòâî çàêëþ÷èòåëüíûõ
ñîñòîÿíèé; Z0 | íà÷àëüíûé ìàãàçèííûé ñèìâîë; δ | ñèñòåìà êîìàíä ÌÏ-àâòîìàòà.
Íàïîìíèì, ÷òî ïðè ïîñòðîåíèè ÊÑ-ãðàììàòèêè ïî ñèñòåìå êîìàíä ÌÏ-àâòîìàòà ïî

êîìàíäå
q aZ → r γ, (1)

ãäå q ∈ Q | ñîñòîÿíèå MÏ-àâòîìàòà; a ∈ V | ñèìâîë òåðìèíàëüíîãî àëôàâèòà; Z ∈ Γ |
ìàãàçèííûé ñèìâîë; r ∈ Q| ñîñòîÿíèå MÏ-àâòîìàòà, γ ∈ Γ∗|öåïî÷êà, êîòîðàÿ çàìåùàåò
â ìàãàçèíå ñèìâîë Z, ïðè íåïóñòîé öåïî÷êå γ = γ(1) γ(2) . . . γ(k), k > 0, ñòðîèòñÿ ñèñòåìà
ÊÑ-ïðàâèë âèäà

[qZsk] → a[rγ(1)s1][s1γ(2)s2] . . . [sk−1γ(k)sk] (2)

äëÿ âñåõ âîçìîæíûõ êîðòåæåé ñîñòîÿíèé ÌÏ-àâòîìàòà (s1, s2, . . . , sk) ðàçìåðíîñòè k.
Â êàæäîìÊÑ-ïðàâèëå âèäà (2) â êà÷åñòâå íåòåðìèíàëîâÊÑ-ãðàììàòèêè ðàññìàòðèâàþòñÿ

òðîéêè âèäà [qXr], ãäå q, r ∈ Q, à X ∈ Γ| ìàãàçèííûé ñèìâîë. Òàêèì îáðàçîì, ïî îäíîé
êîìàíäå (1) ñòðîèòñÿ ñèñòåìà èç |Q|k ïðàâèë (2), ïðè÷åì ìíîãèå èç ââîäèìûõ òàêèì îáðà-
çîì íåòåðìèíàëîâ-òðîåê âèäà [qXr] îêàçûâàþòñÿ áåñïîëåçíûìè. Ïîýòîìó çíà÷èòåëüíûé
èíòåðåñ ïðåäñòàâëÿåò çàäà÷à ðàçðàáîòêè àëãîðèòìà, ïîçâîëÿþùåãî èñêëþ÷àòü èç ðàññìî-
òðåíèÿ áåñïîëåçíûå íåòåðìèíàëû è ñîîòâåòñòâóþùèå èì ÊÑ-ïðàâèëà íà ýòàïå ïîñòðîåíèÿ
ÊÑ-ãðàììàòèêè.
Â ïîñîáèè [7] ïðèâåäåí àëãîðèòì, ïîçâîëÿþùèé ïîëó÷èòü âåñüìà ïðîñòóþ ÊÑ-ãðàììà-

òèêóïî çàäàííîìóÌÏ-àâòîìàòó. Îäíàêî äëÿèñïîëüçîâàíèÿ ýòîãî àëãîðèòìàïðåäâàðèòåëüíî
òðåáóåòñÿ ïðåîáðàçîâàòü ñèñòåìó êîìàíäÌÏ-àâòîìàòà ê íåêîòîðîìó ñïåöèàëüíîìó âèäó. Òà-
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êèì îáðàçîì, ïðîáëåìà îïòèìèçàöèè ÊÑ-ãðàììàòèêè çàìåíÿåòñÿ ïðîáëåìîé ïðåîáðàçîâàíèÿ
ê òðåáóåìîìó âèäó ñèñòåìû êîìàíä ÌÏ-àâòîìàòà, íî ñîîòâåòñòâóþùèé àëãîðèòì â [7] íå
ðàññìàòðèâàåòñÿ.

2. Îñíîâíîé ïðèíöèï îïòèìèçàöèè

Ïåðåéäåì ê ðåøåíèþ çàäà÷è îïòèìèçàöèè ÊÑ-ãðàììàòèêè ñ ïðàâèëàìè âèäà (2). Áó-
äåì ïðåäïîëàãàòü, ÷òî äëÿ àíàëèçèðóåìîãî ÌÏ-àâòîìàòà ïî ìåòîäó, ïðåäëîæåííîìó â [6],
ïîñòðîåí ñîîòâåòñòâóþùèé åìó ìóëüòèãðàô, â êîòîðîì äóãå (q, r) ìóëüòèãðàôà, ñîîòâåòñòâó-
þùåé êîìàíäå âèäà (1), ïîñòàâëåíà â ñîîòâåòñòâèå ìåòêà äóãè (Z, a, γ).
Îòìåòèì, ÷òî äàëåå âñþäó áóäåì ðàññìàòðèâàòü â ÌÏ-àâòîìàòå äîïóñê ñ ïóñòûì ìàãàçè-

íîì [1], ò.å. áóäåì ñ÷èòàòü, ÷òî, äîïóñêàÿ öåïî÷êó âî âõîäíîì àëôàâèòå, àâòîìàò ïðèõîäèò â
îäíî èç çàêëþ÷èòåëüíûõ ñîñòîÿíèé ñ ïóñòûì ìàãàçèíîì.
Â ýòîì ñëó÷àå â ñèëó ðåçóëüòàòîâ ðàáîòû [6] âõîäíàÿ öåïî÷êà ïðèíàäëåæèò ÿçûêóÌÏ-àâ-

òîìàòà òîãäà è òîëüêî òîãäà, êîãäà îíà â ìóëüòèãðàôå ÌÏ-àâòîìàòà ÿâëÿåòñÿ âõîäíîé ìåòêîé
òàêîãî ïóòè, íà÷èíàþùåãîñÿ ñî ñòàðòîâîé äóãè, ÷òî åãî ïîñëåäíÿÿ äóãà çàõîäèò â çàêëþ÷è-
òåëüíîå ñîñòîÿíèå ñ ïóñòîé ìàãàçèííîé ìåòêîé. Îòìåòèì, ÷òî äëÿ óêàçàííîãî ïóòè îïðåäå-
ëåíà ìàãàçèííàÿ ìåòêà [6]. Ëþáîé òàêîé ïóòü áóäåì íàçûâàòü ñáàëàíñèðîâàííûì. Êðîìå
òîãî, ðàäè êðàòêîñòè, ïóòü, íà÷èíàþùèéñÿ äóãîé, èñõîäÿùåé èç âåðøèíû q ìóëüòèãðàôà è
çàêàí÷èâàþùèéñÿ äóãîé, çàõîäÿùåé â âåðøèíó r, áóäåì îáîçíà÷àòü êàê ïóòü, âåäóùèé èç
âåðøèíû (èëè ñîñòîÿíèÿ) q â âåðøèíó (ñîñòîÿíèå) r.
Òîãäà ñîñòîÿíèÿ s1, s2, . . . , sk â íàïèñàííîì âûøå ïðàâèëå âûâîäà (2) âûáèðàþòñÿ òàê,

÷òî îíè ëåæàò íà íåêîòîðîì ñáàëàíñèðîâàííîì ïóòè â ìóëüòèãðàôå ÌÏ-àâòîìàòà, âåäóùåì
èç íà÷àëüíîãî ñîñòîÿíèÿ â çàêëþ÷èòåëüíîå, è ïåðâûå êîìïîíåíòû ìåòîê èñõîäÿùèõ èç íèõ
äóã ðàâíû γ(2), . . ., γ(k) ñîîòâåòñòâåííî, à äóãà, èñõîäÿùàÿ èç ñîñòîÿíèÿ q â ñîñòîÿíèå r (íå-
ïîñðåäñòâåííî äîñòèæèìîãî èç q), èìååò â êà÷åñòâå ïåðâîé êîìïîíåíòû ìåòêè ñèìâîë γ(1).
Ïðè ýòîì â îïðåäåëåííûõ ñëó÷àÿõ ëîãèêà ïîñòðîåíèÿ ñèñòåìû êîìàíä ÌÏ-àâòîìàòà

ïîçâîëÿåò äëÿ îïòèìèçàöèè ÊÑ-ãðàììàòèêè ïðèìåíèòü òàêîé ïðèåì: ïðè ðàññìîòðåíèè î÷å-
ðåäíîé êîìàíäûÌÏ-àâòîìàòà è ïîñòðîåíèè ïî íåé ïðàâèëàÊÑ-ãðàììàòèêè íå ââîäèòü òàêèõ
íîâûõ íåòåðìèíàëîâ-òðîåê âèäà [pXq], êîòîðûå íå ôèãóðèðóþò â ÊÑ-ïðàâèëàõ ÷àñòè÷íî ïî-
ñòðîåííîé ê äàííîìó øàãó îïòèìèçèðîâàííîé ãðàììàòèêè.
Ðàññìîòðèì íåêîòîðûå ïðèìåðû.
Ïðèìåð 1. Íà ðèñ. 1 èçîáðàæåí ìóëüòèãðàô ÌÏ-àâòîìàòà, äîïóñêàþùåãî ÿçûê L1 =

= {anbn |n ≥ 1}, ñî ñëåäóþùåé ñèñòåìîé êîìàíä:

q0 a Z → q0 aZ,

q0 a a → q0 aa,

q0 b a → q1λ,

q1 b a → q1λ,

q1 λ Z → q2λ.

Íà ðèñ. 1 ìåòêà êàæäîé äóãè ðàçäåëåíà íà òðè êîìïîíåíòû, ïåðâàÿ èç êîòîðûõ ïîìåùåíà
ó íà÷àëà äóãè, âòîðàÿ ïîìåùåíà â ñåðåäèíå äóãè, à òðåòüÿ | ó êîíöà äóãè.
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Ðèñ. 1

Ñëåäóÿ àëãîðèòìó, ïðèâåäåííîìó â [1, ñ. 647], ïîñòðîèì ÊÑ-ãðàììàòèêó ïîÌÏ-àâòîìàòó.
Îíà áóäåò âêëþ÷àòü ñëåäóþùèå ïðàâèëà:

S → [q0Zq2],

[q0Zs2] → a[q0as1][s1Zs2],

[q0as2] → a[q0as1][s1as2],

[q0aq1] → b,

[q1aq1] → b,

[q1Zq2] → λ,

ãäå S | àêñèîìà, à âòîðîå è òðåòüå ïðàâèëà | ãðóïïîâûå, ñîîòâåòñòâóþùèå êàæäîé óïîðÿ-
äî÷åííîé ïàðå ñîñòîÿíèé (s1, s2) è âêëþ÷àþùèå êàæäîå ïî äåâÿòü ïðàâèë.
Óñëîâèìñÿ äàëåå íà÷àëüíîé ìàãàçèííîé ìåòêîé äóãè íàçûâàòü ïåðâóþ êîìïîíåíòó åå

ìåòêè, òîãäà êàê òðåòüþ êîìïîíåíòó áóäåì íàçûâàòü çàêëþ÷èòåëüíîé ìàãàçèííîé ìåòêîé,
èëè äàæå ïðîñòî ìàãàçèííîé ìåòêîé.
Çàìåòèì, ÷òî èç ñîñòîÿíèÿ q0 âûõîäÿò äâå äóãè ñ íà÷àëüíîé ìàãàçèííîé ìåòêîé a: ïåòëÿ

e2 = (q0, q0) è äóãà e3 = (q0, q1). Åñëè â êà÷åñòâå çíà÷åíèÿ ïàðàìåòðà s1 âûáåðåì q0, òî
òîãäà ñëåäóåò èñêàòü äóãó (q0, s2) ñ íà÷àëüíîé ìàãàçèííîé ìåòêîé Z. Íî ýòî ìîæåò áûòü
òîëüêî ïåòëÿ e1, êîòîðàÿ, êàê íåòðóäíî âèäåòü, íå ñöåïëÿåòñÿ ñ ïåòëåé e2. Ñëåäîâàòåëüíî,
íóæíî ïîëîæèòü s1 = q1, âûáðàâ òåì ñàìûì äóãó e3. Òîãäà îñòàåòñÿ ïðèçíàòü, ÷òî ñîñòîÿíèå
s2 íåîáõîäèìî âûáðàòü êàê q2. Ñîîòâåòñòâóþùèé ñáàëàíñèðîâàííûé ïóòü åñòü, íàïðèìåð,
e1e3e5 ñ äîïóñêîì âõîäíîé öåïî÷êè ab.
Èòàê, èç âòîðîé ñòðîêè çàïèñàííîé âûøå ñèñòåìû ïðàâèë îñòàåòñÿ òîëüêî îäíî ïðàâèëî

(èç äåâÿòè âîçìîæíûõ):
[q0Zq2] → a[q0aq1][q1Zq2].

Ïåðåõîäèì ê òðåòüåé ñòðîêå ñèñòåìû ïðàâèë ãðàììàòèêè. Ñîãëàñíî ñôîðìóëèðîâàííîìó
âûøå ïðèíöèïó îïòèìèçàöèè, âîçìîæíû òàêèå âàðèàíòû:

[q0aq1] → a[q0aq1][q1aq1]

(äóãè e3 è e4),
[q0aq1] → a[q0aq0][q1aq1]

(äóãè e2 è e3).

http://technomag.bmstu.ru/doc/717777.html 131

http://technomag.bmstu.ru/doc/717777.html


Âî âòîðîì ñëó÷àå âîçíèêàåò íåòåðìèíàë [q0aq0], êîòîðûé ìîæåò áûòü <ðàñêðûò> òîëüêî
òàêèì ïðàâèëîì:

[q0aq0] → a[q0aq0][q0aq0].

Ïðè ïîñòðîåíèè ýòîãî ïðàâèëà äâàæäû ïîâòîðåíà ñàìîñöåïëÿþùàÿñÿ ïåòëÿ e2. Íî, êàê
íåòðóäíî âèäåòü, ýòî ïðàâèëî ïðèâîäèò ê ïîÿâëåíèþ áåñïîëåçíîãî íåòåðìèíàëà. Ýòî çíà÷èò,
÷òî ñëåäóåò îñòàâèòü òîëüêî ïåðâûé âàðèàíò.
Ïðèâåäåì âûâîä öåïî÷êè anbn â îïòèìèçèðîâàííîé ãðàììàòèêå:

S ` [q0Zq2] ` a[q0aq1][q1Zq2] ` . . .
n−1 ðàç

`

` aan−1[q0aq1][q1aq1]
n−1[q1Zq2] ` anb[q1aq1]

n−1[q1Zq2] `n anbn.

Ïîñêîëüêó ìíîæåñòâî ïðàâèë îïòèìèçèðîâàííîé ãðàììàòèêè ÿâëÿåòñÿ ïîäìíîæåñòâîì
ïðàâèë èñõîäíîé ãðàììàòèêè, êîòîðóþìîæíî ïîñòðîèòü ïîÌÏ-àâòîìàòó ñòàíäàðòíûì àëãî-
ðèòìîì, òî íèêàêèõ ñëîâ, íå ïðèíàäëåæàùèõ ÿçûêó, äîïóñêàåìîìó ðàññìàòðèâàåìûìÌÏ-àâ-
òîìàòîì, íîâàÿ ãðàììàòèêà íå ïîðîäèò.
Ïîñêîëüêó ãðàììàòèêà ïîñòðîåíà íà îñíîâå àíàëèçà âñåõ ïóòåé â ìóëüòèãðàôå, ïðåäñòà-

âëÿþùåì ÌÏ-àâòîìàò, òî ïîòåðè ñëîâ òàêæå íå ïðîèçîéäåò.
Ñëåäîâàòåëüíî, ïîñòðîåííàÿ îïòèìèçèðîâàííàÿ ãðàììàòèêà ýêâèâàëåíòíà ãðàììàòèêå,

ïîñòðîåííîé ñòàíäàðòíûì àëãîðèòìîì.
Ïðèìåð 2. Ðàññìîòðèì ÌÏ-àâòîìàò ñî ñëåäóþùåé ñèñòåìîé êîìàíä:

q0 a Z → q1 aZ,

q1 a a → q1 aa,

q1 b a → q2 λ,

q2 b a → q2 λ,

q2 λ Z → q0 λ,

q0 λ Z → q0 λ.

(ñì. [1], ïðèìåð 8.17; íà÷àëüíîå è çàêëþ÷èòåëüíîå ñîñòîÿíèå ÌÏ-àâòîìàòà | q0). Ýòîò
ÌÏ-àâòîìàò, êàê è àâòîìàò, ïðèâåäåííûé â ïðèìåðå 1, äîïóñêàåò ÿçûê L2 = {anbn |n ≥ 0}.
Ìóëüòèãðàô èçîáðàæåí íà ðèñ. 2.

Ðèñ. 2
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Ïîñòðîèì ÊÑ-ãðàììàòèêó ïî ñòàíäàðòíîìó àëãîðèòìó:

S → [q0Zq0],

[q0Zs2] → a[q1as1][s1Zs2],

[q1as2] → a[q1as1][s1as2],

[q1aq2] → b,

[q2aq2] → b,

[q2Zq0] → λ,

[q0Zq0] → λ.

ãäå âòîðîå è òðåòüå ïðàâèëà ðàñïðîñòðàíÿþòñÿ íà âñå óïîðÿäî÷åííûå ïàðû (s1, s2) èç ìíî-
æåñòâà ñîñòîÿíèé {q0, q1, q2}.
Íåòðóäíî âèäåòü, ÷òî äëÿ âòîðîé ñòðîêè ïîëó÷àåì åäèíñòâåííûé âàðèàíò: s1 = q2,

s2 = q0 (äóãè e4 è e6, ëåæàùèå íà ñáàëàíñèðîâàííîì ïóòè).
Äëÿ òðåòüåé ñòðîêè, èñïîëüçóÿ ïðèíöèï íåäîáàâëåíèÿ íîâûõ íåòåðìèíàëîâ, áóäåì èìåòü:

s1 = s2 = q2. Ìîæíî âèäåòü, ÷òî ïîïûòêà ââåñòè çäåñü íåòåðìèíàë [q1aq1] òàêæå ïðèâåäåò ê
ïîÿâëåíèþ áåñïîëåçíîãî íåòåðìèíàëà. Òàêèì îáðàçîì, îñòàåòñÿ îäíî ïðàâèëî

[q1aq2] → a[q1aq2][q2aq2].

Ýêâèâàëåíòíîñòü îïòèìèçèðîâàííîé ãðàììàòèêè èñõîäíîé ìîæíî îáîñíîâàòü òàê æå, êàê
â ïðåäûäóùåì ïðèìåðå.
Ïðèìåð 3. Ðàññìîòðèì ÌÏ-àâòîìàò, ðàñïîçíàþùèé ïàëèíäðîìû â àëôàâèòå {a, b},

çàäàííûé ñëåäóþùåé ñèñòåìîé êîìàíä:

1 q0 λ Z → q2 λ,
2 q0 a Z → q0 aZ | q1 Z,
3 q0 b Z → q0 bZ | q1 Z,
4 q0 a a → q0 aa | q1 a | q1 λ,
5 q0 a b → q0 ab | q1 b,
6 q0 b a → q0 ba | q1 a,
7 q0 b b → q0 bb | q1 b | q1 λ,
8 q1 λ Z → q2 λ.

Çäåñü q0|íà÷àëüíîå ñîñòîÿíèå, q2|çàêëþ÷èòåëüíîå ñîñòîÿíèå. Êîìàíäà (1) äîïóñêàåò
ïóñòîå ñëîâî, ïåðâàÿ êîìàíäà âòîðîé ñòðîêè ÷èòàåò ïåðâóþ áóêâó a â ìàãàçèí, âòîðàÿ êîìàíäà
ýòîé ñòðîêè ïðåäíàçíà÷åíà äëÿ äîïóñêà îäíîáóêâåííîãî ïàëèíäðîìà a. Êîìàíäû òðåòüåé
ñòðîêè äåëàþò òî æå ñàìîå äëÿ áóêâû b. Êîìàíäû ñòðîêè (4) ÷èòàþò áóêâó a â ìàãàçèí ñ
âåðõíèì ñèìâîëîì a, <óãàäûâàþò> ñåðåäèíó íå÷åòíîé è ÷åòíîé öåïî÷êè ñîîòâåòñòâåííî.
Àíàëîãè÷íî äëÿ áóêâû b ïðåäíàçíà÷åíû êîìàíäû ñòðîêè (7). Ñòðîêè (5) è (6) ÷èòàþò â
ìàãàçèí îäíó èç áóêâ, êîãäà â âåðõóøêå ìàãàçèíà íàõîäèòñÿ äðóãàÿ áóêâà, è <óãàäûâàþò>
ñåðåäèíó ïàëèíäðîìà íå÷åòíîé äëèíû. Êîìàíäà (8) | êîìàíäà îêîí÷àòåëüíîãî äîïóñêà
íåïóñòîé öåïî÷êè.
Ìóëüòèãðàô ÌÏ-àâòîìàòà ïðåäñòàâëåí íà ðèñ. 3. Çäåñü íåêîòîðûå äóãè îáúåäèíåíû.

Íîìåðà äóã è ñîîòâåòñòâóþùèå ìåòêè óêàçàíû ê ñêîáêàõ. Ñîâïàäàþùèå êîìïîíåíòû ìåòîê
ïîâòîðåíû òîëüêî îäèí ðàç.
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Ðèñ. 3

Ñòðîèì ÊÑ-ãðàììàòèêó:

1 S → [q0Zq2],

2 [q0Zs2] → a[q0as1][s1Zs2],

3 [q0Zs2] → b[q0bs1][s1Zs2],

4 [q0as2] → a[q0as1][s1as2],

5 [q0bs2] → b[q0bs1][s1bs2],

6 [q0as2] → b[q0bs1][s1as2],

7 [q0bs2] → a[q0as1][s1bs2],

8 [q0as1] → a[q1as1],

9 [q0as1] → b[q1as1],

10 [q0bs1] → b[q1bs1],

11 [q0bs1] → a[q1bs1],

12 [q0Zs1] → a[q1Zs1],

13 [q0Zs1] → b[q1Zs1],

14 [q0Zq2] → λ,

15 [q1Zq2] → λ,

16 [q0aq1] → a,

17 [q0bq1] → b,

18 [q1aq1] → a,

19 [q0bq1] → a,

Çäåñü ïðàâèëà 2{13 ãðóïïîâûå. Ïåðâûå øåñòü çàäàþò ïî äåâÿòü ïðàâèë, à ïîñëåäóþùèå
øåñòü | ïî òðè ïðàâèëà. Âçÿòü ïåòëþ e3 â êà÷åñòâå äóãè, èñõîäÿùåé èç âåðøèíû q0 è
èìåþùåé íà÷àëüíóþ ìàãàçèííóþ ìåòêó a, íåëüçÿ, òàê êàê òîãäà (ò.å. ïðè s1 = q0) ïðèäåòñÿ
èñïîëüçîâàòü ïåòëþ e1, íî ïóòü e3e1 íå èìååò ìàãàçèííîé ìåòêè è ïîòîìó íå ìîæåò ëåæàòü
íè êàêîì ñáàëàíñèðîâàííîì ïóòè. Òîãäà äëÿ ñòðîêè (2) ñëåäóåò îñòàâèòü ïðàâèëî

[q0Zq2] → a[q0aq1][q1Zq2].
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Ðàññóæäàÿ äàëåå ïîäîáíûì îáðàçîì, ïîëó÷èì ñëåäóþùóþ îïòèìèçèðîâàííóþ ãðàììàòèêó:

1 S → [q0Zq2]

2 [q0Zq2] → a[q0aq1][q1Zq2],

3 [q0Zq2] → b[q0bq1][q1Zq2],

4 [q0aq1] → a[q0aq1][q1aq1],

5 [q0bq1] → b[q0bq1][q1bq1],

6 [q0aq1] → b[q0bq1][q1aq1],

7 [q0bq1] → a[q0aq1][q1bq1],

8 [q0aq1] → a[q1aq1],

9 [q0aq1] → b[q1aq1],

10 [q0bq1] → b[q1bq1],

11 [q0bq1] → a[q1bq1],

12 [q0Zq2] → a[q1Zq2],

13 [q0Zq2] → b[q1Zq2],

14 [q0Zq2] → λ,

15 [q1Zq2] → λ,

16 [q0aq1] → a,

17 [q0bq1] → b,

18 [q1aq1] → a,

19 [q0bq1] → a.

Ïîðîæäåíèå ïðîèçâîëüíîãî ïàëèíäðîìà (îòëè÷íîãî îò ïóñòîãî è îäíîáóêâåííîãî ñëîâà)
ïðîèñõîäèò ñëåäóþùèì îáðàçîì. Ïðèìåíÿåì ïðàâèëà (2) èëè (3) | â çàâèñèìîñòè îò
ïåðâîé áóêâû. Çàòåì, ïðîèçâîëüíî ÷åðåäóÿ (4){(7), ïîðîæäàåì ïðîèçâîëüíûé òåðìèíàëüíûé
ïðåôèêñ. Íàïðèìåð:

S ` [q0Zq2] ` a[q0aq1][q1Zq2] ` aa[q0aq1][q1aq1][q1Zq2] `

` aab[q0bq1][q1aq1][q1aq1][q1Zq2] ` aaba[q0aq1][q1bq1][q1aq1][q1aq1][q1Zq2] `

` aabab[q0bq1][q1aq1][q1bq1][q1aq1][q1aq1][q1Zq2].

Ñïðàâà îò íåãî îáðàçóåòñÿ (â êâàäðàòíûõ ñêîáêàõ) åãî çåðêàëüíîå îòðàæåíèå. Åñëè ïîðî-
æäàåòñÿ ïàëèíäðîì ÷åòíîé äëèíû, òî ñàìûé ëåâûé íåòåðìèíàë ñëåäóåò çàìåíèòü ñîãëàñíî
ïðàâèëàì (16) èëè (17) (ïðè ÷òåíèè ïîðîæäàåìîé öåïî÷êè ÌÏ-àâòîìàòîì ýòî ñîîòâåòñòâóåò
<óãàäûâàíèþ> ñåðåäèíû ñëîâà).
Â äàííîì ïðèìåðå ñëåäóåò ïðèìåíèòü ïðàâèëî (17). Òîãäà â èòîãå, ïîñëå "ñáðàñûâàíèÿ"

âñåõ ñêîáîê ïîëó÷èì ñëîâî aababbabaa.
Åñëè æå ïîðîæäàåòñÿ ñëîâî íå÷åòíîé äëèíû, òî ñàìûé ëåâûé íåòåðìèíàë ñëåäóåò çàìå-

íèòü ñîãëàñíî îäíîìó èç ïðàâèë (8){(11) (ýòî ñîîòâåòñòâóåò "óãàäûâàíèþ" ñðåäíåé áóêâû
ñëîâà). Â ïðèìåðå ìîãóò áûòü ïðèìåíåíû ïðàâèëà (10) èëè (11). Òîãäà ïîðîæäàþòñÿ â èòîãå
ñëîâà aababbbabaa è aababababaa ñîîòâåòñòâåííî.
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Òàêèì îáðàçîì, ìîæíî ïîêàçàòü, ÷òî âñå ïàëèíäðîìû â àëôàâèòå {a, b} ïîðîæäàþòñÿ
îïòèìèçèðîâàííîé ãðàììàòèêîé è ÷òî òåì ñàìûì îíà ýêâèâàëåíòíà èñõîäíîé, ïîñêîëüêó íå
ñîäåðæèò íèêàêèõ ïðàâèë, íå ïðèíàäëåæàùèõ ìíîæåñòâó ïðàâèë èñõîäíîé ãðàììàòèêè.

3. Àëãîðèòì ïîèñêà ñáàëàíñèðîâàííûõ ïóòåé

Ìåòîä ïîèñêà ñáàëàíñèðîâàííûõ ïóòåé àíàëîãè÷åí ïîèñêó â ãëóáèíó â îáû÷íîì îðèåíòè-
ðîâàííîì ãðàôå (ñì. [1]). Ñàìà ïðîöåäóðà ïîèñêà ÿâëÿåòñÿ ðåêóðñèâíîé. Äóãè ïîìåùàþòñÿ â
ñòåê â ïîðÿäêå èõ ïðîõîæäåíèÿ. Êàê òîëüêî îáíàðóæèâàåòñÿ óæå ïðîéäåííàÿ äóãà, ôèêñèðó-
åòñÿ êîíòóð è óïðàâëåíèå ïåðåäàåòñÿ ñïåöèàëüíîé ïðîöåäóðå àíàëèçà êîíòóðîâ. Èñêëþ÷åíèå
ñîñòàâëÿþò ïåòëè ñ ïóñòîé ìàãàçèííîé ìåòêîé.
Â ïðîöåññå ïîèñêà ñ íèõ íå ñíèìàåòñÿ ïðèçíàê íîâèçíû, è îíè ïðîõîäÿòñÿ, ïîêà âû-

ïîëíÿåòñÿ óñëîâèå ñöåïëÿåìîñòè ñ óæå ïðîéäåííûì ïóòåì. Êàæäàÿ òàêàÿ ïåòëÿ îòâå÷àåò
ïðîöåññó ÷òåíèÿ èç ìàãàçèíàÌÏ-àâòîìàòà. Ñàìîñöåïëÿþùèåñÿ êîíòóðû (ïåòëè â òîì ÷èñëå)
ïðîõîäÿòñÿ îäèí ðàç.
Ïåðåõîäèì ê îïèñàíèþ àëãîðèòìà. Íàïîìíèì, ÷òî ïîíÿòèå ñöåïëåíèÿ ìàãàçèííûõ ìåòîê

äóã è ïóòåé ââåäåíî â ðàáîòå [6]. Ïðèìåð íàõîæäåíèÿ ñöåïëåíèÿ ïðèâåäåí íèæå (ñì. ïðè-
ìåð 4).

Íà÷àëî
1 Âñå äóãè ïîìåòèòü êàê íîâûå;
2 Äëÿ âñåõ ñòàðòîâûõ äóã âûïîëíÿòü:

íà÷àëî
3 Ïîìåñòèòü â ÑÒÅÊ;
4 Åñëè ìàãàçèííàÿ ìåòêà äóãè íå ïóñòà, òî ñíÿòü îòìåòêó "íîâàÿ";
5 Ïóòü := ñòàðòîâàÿ äóãà;
6 Òåêóùàÿ ìåòêà := ìàãàçèííàÿ ìåòêà äóãè;
7 Òåêóùàÿ äëèíà := äëèíà(Òåêóùàÿ ìåòêà);
8 Ìåòêà ïóòè := Òåêóùàÿ ìåòêà;
9 Âûçâàòü ïðîöåäóðó ÌÅÒÊÀ (Ïóòü, Òåêóùàÿ ìåòêà);

êîíåö
Êîíåö

Ïðîöåäóðà ÌÅÒÊÀ (Ïóòü, Ìåòêà);
1 Äëÿ âñåõ Äóã, ñöåïëÿþùèõñÿ ñ Ïóòåì âûïîëíÿòü:
2 Åñëè Äóãà íîâàÿ, òî

íà÷àëî
3 Ïîìåñòèòü Äóãó â ÑÒÅÊ;
4 ÅñëèÌàãàçèííàÿ ìåòêà Äóãè íå ïóñòà, òî ñíÿòü îòìåòêó "íîâàÿ";
5 Ïóòü: = Ïóòü + Äóãà;
6 Ìåòêà:= Ìåòêà "ñöåïèòü" Ìàãàçèííàÿ ìåòêà äóãè;
7 Òåêóùàÿ äëèíà := Òåêóùàÿ äëèíà + äëèíà(Ìàãàçèííàÿ ìåòêà) äóãè { 1;
8 Âûçâàòü ïðîöåäóðó ÌÅÒÊÀ (Ïóòü, Ìåòêà);

êîíåö
9 èíà÷å âûçâàòü ïðîöåäóðó ÊÎÍÒÓÐ (Ïóòü, Äóãà);
10 Óäàëèòü Äóãó èç ÑÒÅÊÀ;

Êîíåö ÌÅÒÊÀ
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Ïðîöåäóðà ÊÎÍÒÓÐ (Ïóòü, Äóãà);
1 Ñ÷èòàòü èç ÑÒÅÊÀ (áåç èçìåíåíèÿ ñîäåðæèìîãî) âñå äóãè âïëîòü äî äàííîé Äóãè; (ýòî

áóäóò äóãè, îáðàçóþùèå íàéäåííûé êîíòóð)
2 Âû÷èñëèòü ìàãàçèííóþ ìåòêó êîíòóðà;
3 Ïðîâåðèòü óñëîâèå ñàìîñöåïëÿåìîñòè êîíòóðà (âõîäíàÿ ìàãàçèííàÿ ìåòêà åãî ïåðâîé äóãè

ñîâïàäàåò ñ ïåðâûì ñèìâîëîì åãî ìàãàçèííîé ìåòêè);
4 Åñëè óñëîâèå âûïîëíÿåòñÿ, òî âûéòè èç ïðîöåäóðû;

èíà÷å
íà÷àëî

5 Åñëè ìàãàçèííàÿ ìåòêà êîíòóðà ðàâíà ïóñòîé öåïî÷êå, òî
íà÷àëî

6 Çàïîìíèòü äëèíó Ïóòè;
7 Ïðîéòè êîíòóð åùå ðàç;
8 Åñëè íîâàÿ äëèíà îêàæåòñÿ ìåíüøå çàïîìíåííîé â ï. 5, òî ïðîõîäèòü êîíòóð, ïîêà

âûïîëíÿåòñÿ óñëîâèå ñöåïëÿåìîñòè ñ ïðîéäåííûì ïóòåì;
êîíåö

êîíåö
Êîíåö ÊÎÍÒÓÐ

Ïðèìåð 4. Îáðàòèìñÿ ê ìóëüòèãðàôó íà ðèñ. 3. Âûáèðàåì ñòàðòîâóþ äóãó e1 (äðóãèå
ñòàðòîâûå äóãè | e2, e14, e15, e16). Ñ íåé ñöåïëÿþòñÿ äóãè ñ âõîäíîé ìàãàçèííîé ìåòêîé a:
e3, e5, e8, e10. Ïðîäîëæàåì ñ äóãè e3: âû÷èñëÿåì ìàãàçèííóþ ìåòêó ïóòè e1e3 (äëèíó ìåòêè
ñïåöèàëüíî çäåñü óêàçûâàòü íå áóäåì):

aZ ⊗a (aa) = aa(a−1aZ) = aaZ.

Ñ ïîëó÷åííîé ìåòêîé ñöåïëÿåòñÿ ëþáàÿ äóãà ñ âõîäíîé ìàãàçèííîé ìåòêîé a, â ÷àñòíîñòè
ñíîâà äóãà e3. Íî ïîñêîëüêó îäèí ðàç ýòà äóãà, ïðåäñòàâëÿþùàÿ èç ñåáÿ ñàìîñöåïëÿþùèéñÿ
êîíòóð, áûëà ïðîéäåíà, òî âûáèðàåì äóãó e5. Èìååì ìåòêó ïóòè e1e3e5

aaZ ⊗a (ba) = baaZ.

Ýòîò ïóòü ìîæíî ñöåïèòü ñ ëþáîé äóãîé ñ âõîäíîé ìàãàçèííîé ìåòêîé b. Ïî ïîðÿäêó
íîìåðîâ äóã âûáèðàåì äóãó e4, ïîëó÷èì ïóòü e1e3e5e4 ñ ìåòêîé

baaZ ⊗b (bb) = bbaaZ.

Äàëåå, èãíîðèðóÿ ñöåïëåíèå ïåòëè e4 ñ ñîáîé, ïåðåõîäèì ê äóãå e6 è âû÷èñëÿåì ìåòêó ïóòè
e1e3e5e4e6:

bbaaZ ⊗b (ab) = abbaaZ.

Ïîëó÷åííûé ïóòü ìîæåò áûòü ñöåïëåí ñ ëþáîé äóãîé ñ âõîäíîé ìàãàçèííîé ìåòêîé a,
íà÷èíàÿ ñ äóãè e3. Òåì ñàìûì çàôèêñèðîâàí êîíòóð e3e5e4e6. Ïðîâåðÿåì óñëîâèå ñàìîñöåï-
ëÿåìîñòè: ìåòêà êîíòóðà ðàâíà

(((aa⊗a ba)⊗b (bb))⊗b (ab)) = ((baa⊗b (bb))⊗b (ab)) = bbaa⊗b (ab) = abbaa,
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è óñëîâèå ñàìîñöåïëÿåìîñòè âûïîëíÿåòñÿ (áóêâà a ÿâëÿåòñÿ âõîäíîé ìàãàçèííîé ìåòêîé
äóãè e3 è, îäíîâðåìåííî, ïåðâîé áóêâîé ìåòêè êîíòóðà).
Ñëåäîâàòåëüíî, äàííûé êîíòóð áîëüøå íå ïðîõîäèòñÿ, è â êà÷åñòâå ïðîäîëæåíèÿ âûáè-

ðàåì ñëåäóåò âûáðàòü äóãó e5. Íî, êàê íåòðóäíî ïîêàçàòü, âîçíèêàþùèé ïðè ýòîì êîíòóð
e5e4e6 òàêæå ÿâëÿåòñÿ ñàìîñöåïëÿþùèìñÿ, è òîãäà ñëåäóåò óæå âûáðàòü ïðîäîëæåíèå e8

(åñëè ïðîñìàòðèâàòü äóãè â ïîðÿäêå èõ íîìåðîâ; åùå ïîäõîäèò e10). Ïîëó÷èì:

abbaaZ ⊗a a = abbaaZ

(çàìåòèì, ÷òî ýòîò ïåðåõîä ñîîòâåòñòâóåò âûïîëíåíèþ êîìàíäû, ÷èòàþùåé î÷åðåäíîé ñèì-
âîë ëåíòû, íî íå èçìåíÿþùåé ñîäåðæèìîå ìàãàçèíà).
Ïóòü e1e3e5e4e6e8 (çàâåðøèâøèéñÿ â ñîñòîÿíèè q1) ìîæåò áûòü ïðîäîëæåí ëþáîé äóãîé,

èñõîäÿùåéèç q1 èèìåþùåé âõîäíóþìàãàçèííóþìåòêó a. Â äàííîì ñëó÷àå ýòî åäèíñòâåííàÿ
äóãà e11:

abbaaZ ⊗a λ = bbaaZ.

Äàëüíåéøèå ïðîäîëæåíèÿ î÷åâèäíû:

e1e3e5e4e6e8e11e12e12e11e11e13,

ò.å. ïîëó÷åí ñáàëàíñèðîâàííûé ïóòü ñ âõîäíîé ìåòêîé aabbaaabbaa. Ïîëó÷åííûé ïàëèíäðîì
èìååò äëèíó 11 (ò.å. íå÷åòíîå êîëè÷åñòâî ñèìâîëîâ), òàê êàê ïðè ïðîõîæäåíèè ïóòè áûë
ñîâåðøåí ïåðåõîä, ñîîòâåòñòâóþùèé âûïîëíåíèþ êîìàíäû ÷òåíèÿ ëåíòû áåç èçìåíåíèÿ ñî-
äåðæèìîãî ìàãàçèíà, ÷òî ñîäåðæàòåëüíî îçíà÷àåò <óãàäûâàíèå> ñðåäíåé áóêâû ïàëèíäðîìà
íå÷åòíîé äëèíû.
Â ðàçîáðàííîì ïðèìåðå ïðîñëåæåíà òîëüêî îäíà âåòâü ïîèñêà. Â ñèëó ðåêóðñèâíîé ïðè-

ðîäû àëãîðèòìà, îí, äîéäÿ äî êîíöà î÷åðåäíîé âåòâè (ò.å. ïîëó÷èâ ñáàëàíñèðîâàííûé ïóòü),
âîçâðàùàåòñÿ â áëèæàéøóþ òî÷êó âåòâëåíèÿ è ðàññìàòðèâàåò îòëîæåííûå ïðîäîëæåíèÿ äî
èõ èñ÷åðïàíèÿ è ò.ä.
Â ïðèâåäåííîì ïðèìåðå áëèæàéøåé (ñ êîíöà) òî÷êîé âåòâëåíèÿ áóäåò ïóòü e1e3e5e4e6,

ïîñëå ÷åãî â êà÷åñòâå îòëîæåííîãî ïðîäîëæåíèÿ äîëæíà ðàññìàòðèâàòüñÿ äóãà e10. Âûáðàâ
åå, ïîëó÷èì ìåòêó ïóòè e1e3e5e4e6e10, ðàâíóþ

abbaaZ ⊗a λ = bbaaZ.

Äàëüíåéøåå åäèíñòâåííîå ïðîäîëæåíèå

e1e3e5e4e6e10e12e12e11e11e13

ñ äîïóñêîì âõîäíîé öåïî÷êè aabbaabbaa (ïàëèíäðîì ÷åòíîé äëèíû).
Çàìåòèì â çàêëþ÷åíèå, ÷òî ïðåäëîæåííûé àëãîðèòì ñàì ïî ñåáå ìîæåò ñëóæèòü ïîðîæäà-

þùåé ìîäåëüþ ÿçûêà, äîïóñêàåìîãî ÌÏ-àâòîìàòîì. Äëÿ ýòîãî äîñòàòî÷íî äîïîëíèòü åãî
÷èñëîâûì ïàðàìåòðîì, ôèêñèðóþùèì ìàêñèìàëüíîå ÷èñëî ïîâòîðåíèé ñàìîñöåïëÿþùèõñÿ
êîíòóðîâ.
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Òåîðåìà 1. Ïîñòðîåííàÿ ïî ðåçóëüòàòàì àëãîðèòìà ïîèñêà ñáàëàíñèðîâàííûõ ïóòåé
ãðàììàòèêà ýêâèâàëåíòíà èñõîäíîé.

Ä î ê à ç à ò å ë ü ñ ò â î. Ìíîæåñòâî ïðàâèë îïòèìèçèðîâàííîé ãðàììàòèêè åñòü, ïî ïî-
ñòðîåíèþ, ïîäìíîæåñòâî ìíîæåñòâà ïðàâèë èñõîäíîé ãðàììàòèêè. Ýòî çíà÷èò, ÷òî ÿçûê,
ïîðîæäàåìûé îïòèìèçèðîâàííîé ãðàììàòèêîé, ñîäåðæèòñÿ (êàê ïîäìíîæåñòâî) â ÿçûêå,
ïîðîæäàåìîì èñõîäíîé ãðàììàòèêîé.
Ñ äðóãîé ñòîðîíû [1], âûâîäèìîñòü [q0Z0qf ]`∗ x, ãäå x | âõîäíàÿ öåïî÷êà, à qf | çà-

êëþ÷èòåëüíîå ñîñòîÿíèåÌÏ-àâòîìàòà, èìååò ìåñòî òîãäà è òîëüêî òîãäà, êîãäà íà ìíîæåñòâå
êîíôèãóðàöèé ÌÏ-àâòîìàòà èìååò ìåñòî âûâîäèìîñòü

(q0, x, Z0)`∗(qf , λ, λ),

÷òî, â ñâîþ î÷åðåäü, â ñèëó ðåçóëüòàòîâ ðàáîòû [6], îçíà÷àåò ðàâåíñòâî öåïî÷êè x âõîäíîé
ìåòêå íåêîòîðîãî ñáàëàíñèðîâàííîãî ïóòè â ìóëüòèãðàôåÌÏ-àâòîìàòà, âåäóùåãî èç íà÷àëü-
íîãî ñîñòîÿíèÿ â çàêëþ÷èòåëüíîå. Ïîñêîëüêó ïðè ïîñòðîåíèè îïòèìèçèðîâàííîé ãðàììà-
òèêè ó÷èòûâàþòñÿ âñå òàêèå ïóòè, òî îíà ïîðîäèò âñå öåïî÷êè, äîïóñêàåìûåÌÏ-àâòîìàòîì,
è, ñëåäîâàòåëüíî, áóäåò ýêâèâàëåíòíà èñõîäíîé. Òåîðåìà äîêàçàíà.

4. Îöåíêà ñëîæíîñòè àëãîðèòìà

Òåîðåìà 2. Îïèñàííûé âûøå àëãîðèòì ïðàâèëüíî íàõîäèò âñå ïóòè ñ îïðåäåëåííîé
ìàãàçèííîé ìåòêîé (ñáàëàíñèðîâàííûå ïóòè â òîì ÷èñëå) â ìóëüòèãðàôå ÌÏ-àâòîìàòà çà
âðåìÿ, íå ïðåâûøàþùåå O(m3), ãäåm| ÷èñëî äóã â ìóëüòèãðàôå.

Ä î ê à ç à ò å ë ü ñ ò â î. Ïîëíîòà ïåðå÷èñëåíèÿ ïóòåé ñðàçó ñëåäóåò èç ñòðàòåãèè ïîèñêà â
ãëóáèíó. Êðîìå òîãî, ââèäó îãðàíè÷åíèÿ íà ÷èñëî ïðîõîæäåíèé ñàìîñöåïëÿþùèõñÿ êîíòó-
ðîâ, àëãîðèòì çàêàí÷èâàåò ðàáîòó çà êîíå÷íîå ÷èñëî øàãîâ. Äàäèì âåðõíþþ îöåíêó ýòîãî
÷èñëà.
Íèæíÿÿ îöåíêà, î÷åâèäíî, ñîñòàâèò ÷èñëî m âñåõ äóã ìóëüòèãðàôà. Ñâåðõ ýòîãî îñíîâ-

íîé âêëàä âî âðåìÿ ðàáîòû àëãîðèòìà âíîñÿò ïðîõîæäåíèÿ ñàìîñöåïëÿþùèõñÿ êîíòóðîâ è
êîíòóðîâ ñ ïóñòîé ìàãàçèííîé ìåòêîé. Ïðîõîæäåíèÿ ïîñëåäíèõ ñîîòâåòñòâóþò âûïîëíåíèþ
êîìàíä ÷òåíèÿ èç ìàãàçèíà.
Ôèêñèðóåì íåêîòîðûé êîíòóð G ñ ïóñòîé ìàãàçèííîé ìåòêîé. ×èñëî NG ïðîõîæäåíèé

òàêîãî êîíòóðà áóäåò íå áîëüøå, ÷åì äëèíà ìàãàçèííîé öåïî÷êè, <íàêîïëåííîé> â ìàãàçèíå ê
ìîìåíòó íà÷àëà ïðîõîæäåíèÿ êîíòóðàG. Â ñâîþ î÷åðåäü, ýòà äëèíà ïðîïîðöèîíàëüíà ÷èñëó
äóã ïðîéäåííîãî ê óêàçàííîìó ìîìåíòó ïóòè, âêëþ÷àÿ îäíîêðàòíîå ïðîõîæäåíèå êàæäîãî
âñòðåòèâøåãîñÿ ðàíåå ñàìîñöåïëÿþùåãîñÿ êîíòóðà.
Êîýôôèöèåíò ïðîïîðöèîíàëüíîñòè íå ìîæåò áûòü áîëüøå ìàêñèìàëüíîé äëèíû L ìà-

ãàçèííîé öåïî÷êè â ñèñòåìå êîìàíä ÌÏ-àâòîìàòà. ×èñëî äóã â <ëèíåéíûõ> ó÷àñòêàõ ïðîé-
äåííîãî ïóòè (ò.å. ó÷àñòêàõ âíå ñàìîñöåïëÿþùèõñÿ êîíòóðîâ) íå ìîæåò áûòü áîëüøå ÷èñëà
m âñåõ äóã ìóëüòèãðàôà.
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Ýòî æå ÷èñëî ÿâëÿåòñÿ ãðóáîé âåðõíåé îöåíêîé ÷èñëà äóã â ñàìîñöåïëÿþùåìñÿ êîíòóðå
è ÷èñëà òàêèõ êîíòóðîâ. Â èòîãå äëÿ ôèêñèðîâàííîãî êîíòóðà G ïîëó÷èì âåðõíþþ îöåíêó
âðåìåíè åãî ïðîõîæäåíèÿ â âèäå Lm + Lm2 = Lm(1 + m). Íî ÷èñëî êîíòóðîâ ñ ïóñòîé
ìàãàçèííîé ìåòêîé òàêæå íå ìîæåò áûòü áîëüøåm. Â èòîãå èìååì ãðóáóþ âåðõíþþ îöåíêó
ñëîæíîñòè ðàññìàòðèâàåìîãî àëãîðèòìà â âèäå Lm2(1 + m) ∼ O(m3). Òåîðåìà äîêàçàíà.

Îòìåòèì, ÷òî ïîëó÷åííàÿ îöåíêà ñëîæíîñòè ÿâëÿåòñÿ, êîíå÷íî, âåñüìà ãðóáîé. Ïîèñê
áîëåå òîíêèõ îöåíîê òðåáóåò îòäåëüíîãî èññëåäîâàíèÿ.

Çàêëþ÷åíèå

Ðàññìîòðåííûé àëãîðèòì ïîèñêà ñáàëàíñèðîâàííûõ ïóòåé â ìóëüòèãðàôå ÌÏ-àâòîìàòà
ïîçâîëÿåò, ñ îäíîé ñòîðîíû, óïðîñòèòü êîíñòðóêöèþ ÊÑ-ãðàììàòèêè, ýêâèâàëåíòíîé çàäàí-
íîìóÌÏ-àâòîìàòó, ñ äðóãîé|ñàì ïî ñåáå ìîæåò ñëóæèòü ïîðîæäàþùåé ìîäåëüþ äëÿ ÿçûêà
ÌÏ-àâòîìàòà. Ñëîæíîñòü àëãîðèòìà, îöåíèâàåìàÿ ñâåðõó êóáîì ÷èñëà äóã ìóëüòèãðàôà, ïî-
çâîëÿåò ñ÷èòàòü ïðåäëîæåííûé àëãîðèòì äîñòàòî÷íî ýôôåêòèâíûì.

Ðàáîòà âûïîëíåíà ïðè ÷àñòè÷íîé ôèíàíñîâîé ïîääåðæêå Ïðîãðàììû ïîääåðæêè âåäó-
ùèõ íàó÷íûõ øêîë (ãðàíò ÍØ-53.2014.1).
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The paper is devoted to the development of an algorithm for constructing a context-free grammar
for multigraph pushdown automaton (PDA).
Development of an algorithm is based on the idea of representation the PDA as a directed

multigraph. This approach optimizes context -free grammar (CFG), which can be obtained by the
known algorithm using the program of PDA.
The algorithm for constructing optimized CFG is based on the enumeration of certain paths

in the multigraph. A method is similar to the standard depth-first search in a directed graph.
Proposed method lists so-called balanced ways, the passage of which corresponds to reading the
input word by PDA until it passes a sequence of states from the initial state to the final state with the
devastation store, thus allowing the input word. This frees CFG equivalent to this PDA from useless
nonterminals and ensure causing all strings allowed PDA. Thus, a CFG being constructed by the
algorithm will generate exactly the language that allowed by the PDA. In addition, the algorithm
presented in the article can be considered as the generative model of the language permitted by
PDA.
The main result of this paper is design of the algorithm for constructing optimized CFG starting

with the PDA multigraph. A description of the algorithm is given using the pseudocode. It is
shown that calculated upper bound for the algorithm complexity is of the cubic order of the number
of the multigraph edges.
PDA multigraphs are discussed in several papers. But mostly, multigraphs are used solely as

an illustration. In this paper a multigraph is used not only as a visual representation of PDA, but
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as a working model, which is defined in terms of the language of PDA. The equivalence of such a
model to the known models is proved too.
Thus, the paper proposes an efficient algorithm for enumerating paths in a directed multigraph,

on the basis of which it is possible to build an optimized CFG equivalent to the original PDA.
Among the tasks which will continue the started study there is a more accurate upper bound

finding on the algorithm complexity.
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